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Abstract
We discuss meson-meson scattering at next-to-next-to-leading order in the
chiral expansion for QCD-like theories with general n degenerate flavours for
the cases with a complex, real and pseudo-real representation. I.e. with global
symmetry and breaking pattern SU(n)L × SU(n)R → SU(n)V , SU(2n) →
SO(2n) and SU(2n) → Sp(2n). We obtain fully analytical expressions for
all these cases. We discuss the general structure of the amplitude and the
structure of the possible intermediate channels for all three cases. We derive
the expressions for the lowest partial wave scattering length in each channel and
present some representative numerical results. We also show various relations
between the different cases in the limit of large n.
PACS:
1 Introduction
In an earlier paper [1] we started the phenomenology of QCD-like theories at next-
to-next-to-leading (NNLO) order in the light mass expansion in their respective low-
energy effective theories. The motivation for this work is that these theories are
interesting as variations on QCD and could play some role as models for a nonper-
turbative Higgs sector. Early work in this context are the technicolor variations of
[2, 3, 4]. Recent reviews of more modern developments are [5, 6]. Lattice calculations
have started to explore these type of theories as well, some references are [7]. The
main interest in these theories is in the massless limit but lattice simulations are nec-
essarily performed at a finite fermion mass. In [1] we worked out a number of simple
observables, the mass, decay constant and vacuum-expectation-value to NNLO in
these theories. Here we work out the amplitude for meson-meson scattering to the
same order. In lattice calculations the amplitude for meson-meson scattering is not
directly accessible but the scattering lengths can be derived from the dependence on
the volume of the lattice [8]. We therefore also provide explicit expressions for the
scattering lengths.
The EFT relevant for dynamical electroweak symmetry breaking can have dif-
ferent patterns of spontaneous breaking of the global symmetry than QCD. The
resulting Goldstone Bosons, or pseudo-Goldstone bosons in the presence of mass
terms, are thus in different manifolds and the low-energy EFT is also different.
In this paper we only discuss the same cases as in [1] where the underlying strong
interaction is vectorlike and all fermions have the same mass. Three main patterns
of global symmetry show up. A thorough discussion tree level or lowest order (LO)
is [9]. With n fermions1 in a complex representation the global symmetry group is
SU(n)L × SU(n)R and it is expected to be spontaneously broken to the diagonal
subgroup SU(n)V . This is the direct extension of the QCD case. For n fermions
in a real representation the global symmetry group is SU(2n) and it is expected to
be spontaneously broken to SO(2n). In the case of two colours and n fermions in
the fundamental (pseudo-real) representation the global symmetry group is again
SU(2n) but here it is expected to be spontaneously broken to an Sp(2n) subgroup.
Earlier references are [10, 11, 12]. Some earlier work for the complex case and the
pseudo-real case at NLO can be found in [13, 14, 15].
In the remainder of this paper we refer to the complex representation case as
complex or QCD, the real representation case as adjoint or real and the pseudo-real
representation case as two-colour or pseudo-real. In [1] we extended the construction
of the general Lagrangian to NLO2 including the divergence structure. The NNLO
for the QCD case is in [16] and the divergence structure in [17]. The Lagrangian
constructed in [16] is with the changes discussed in [1] and in Sect. 2 also a complete
Lagrangian for the other two cases but we have not shown it to be minimal nor
calculated the divergence structure.
We do not repeat the discussion of the three different cases at the underlying
fermion (quark) level. This can be found in [9] and [1], Sect. 2. In Sect. 2 we quote
the structure of the effective field theories for the three cases but we again refer to [1]
1We use n rather than NF for the number of flavours since it makes the formulas shorter.
2References to some related work can be found in [5].
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for more details. Sect. 3 discusses in detail the general structure of the amplitude.
The amplitude can be expressed in terms of two functions B(s, t, u) and C(s, t, u)
which are generalizations of the amplitude A(s, t, u) in ππ-scattering [18]. We work
out the possible intermediate states using the relevant group theory and using a
projection operator formalism obtain the amplitudes in the different channels. The
results for the amplitude are discussed in Sect. 4 and for the scattering lengths in
Sect. 5. Here we present some representative numerical results for the scattering
lengths as well as some large n relations between the different cases. The lengthier
formulas at two-loop order are given in an appendix. This work needed a few more
integrals at intermediate stages than [19, 20], these are given in App. D. In Sect. 6
we summarize our results.
2 Effective Field Theory
2.1 Generators
The notation for the three cases can be brought in a very similar form. More details
can be found in [1]. The Goldstone boson live on a manifold G/H where G is the full
global symmetry group and H is the part that remains unbroken after spontaneous
symmetry-breaking. We label the unbroken generators as T a and the broken ones as
Xa.
The space SU(n)×SU(n)/SU(n) is isomorphic to SU(n) so we use the Xa as the
generators of SU(n) for the QCD case. They are traceless, hermitian n×n matrices.
The adjoint or real case has the generators in SU(2n)/SO(2n) where the broken
generators satisfy
JSX
a = (Xa)T JS , with JS =
(
0 I
I 0
)
. (1)
I is the n × n unit matrix and the superscript T indicates the transpose. The Xa
are traceless, hermitian 2n× 2n matrices in this case. Multiplying (1) with JS from
left and right leads immediately to
XaJS = JS (X
a)T . (2)
The two-colour or pseudo-real case has the generators in SU(2n)/Sp(2n) where
the broken generators satisfy
JAX
a = (Xa)T JA , with JA =
(
0 −I
I 0
)
. (3)
The Xa are traceless, hermitian 2n × 2n matrices also in this case. Multiplying (3)
with JA similar to above gives
XaJA = JA (X
a)T . (4)
The unbroken generators satisfy
SO(2n) : T aJS + JST
aT = 0 ,
Sp(2n) : T aJS + JST
aT = 0 . (5)
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This allows in both cases to derive using J = JS or J = JA respectively:
h†J = JhT with h = exp ihaT 2 . (6)
We always use generators normalized to one:
〈T aT b〉 = 〈XaXb〉 = δab. (7)
〈A〉 = trF (A), is the trace over the flavour indices. This is over n for the QCD case
and 2n for the real and pseudo-real case.
During the course of the calculation, we often have to sum over the Goldstone
Bosons. These sums can be easily performed using
complex :
〈XaAXaB〉 = 〈A〉〈B〉 − 1
n
〈AB〉 ,
〈XaA〉〈XaB〉 = 〈AB〉 − 1
n
〈A〉〈B〉 .
Real :
〈XaAXaB〉 = 1
2
〈A〉〈B〉+ 1
2
〈AJSBTJS〉 − 1
2n
〈AB〉 ,
〈XaA〉〈XaB〉 = 1
2
〈AB〉+ 1
2
〈AJSBTJS〉 − 1
2n
〈A〉〈B〉 .
Pseudoreal :
〈XaAXaB〉 = 1
2
〈A〉〈B〉+ 1
2
〈AJABTJA〉 − 1
2n
〈AB〉 ,
〈XaA〉〈XaB〉 = 1
2
〈AB〉 − 1
2
〈AJABTJA〉 − 1
2n
〈A〉〈B〉 . (8)
There is a relation that the broken generators satisfy for the real and pseudo-real
case.
〈XaXb . . .XkX l〉 = 〈X lXk . . .XbXa〉 . (9)
The proof for the real case is
〈XaXb . . .XkX l〉 = 〈XaXb . . .XkX lJ2S〉
= 〈XaXb . . .XkJSX lTJS〉
= 〈XaXb . . . JSXkTX lTJS〉
= 〈JSXaTXbT . . .XkTX lTJS〉
= 〈XaTXbT . . . XkTX lT 〉
= 〈
(
X lXk . . .XbXa
)T 〉
= 〈X lXk . . . XbXa〉 (10)
The pseudo-real case is proven by replacing J2S by −J2A and following the same steps.
(9) is also the reason why the Lagrangian in [16] is not minimal for the real and
pseudo-real case.
In the group theory references there is a conjecture mentioned that to get from
SO(2n) to Sp(2n) it is sufficient to take n → −n. This feature is indeed visible in
most of our formulas.
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2.2 Lagrangians
As described in more detail in [1] we can write the Lagrangians in the three cases in
a very similar way. The Goldstone Boson manifold G/H is parametrized by
u = exp
(
i√
2F
φ
)
, φ = φaXa . (11)
These transform under the symmetry transformation in the QCD case for gL ×
gR ∈ SU(n)L × SU(n)R as
u→ gRuh(gL, gR, φ)† = h(gL, gR, φ)ug†L . (12)
h is the socalled compensator field and is defined by (12) and is also an SU(n) matrix.
This can be derived from the standard general formulation [21] as done in [1]. For a
transformation in the conserved part of the group we have that gL = gR = gV and
h = gV .
The notation for the other two cases is directly that of [21]. A symmetry trans-
formation g ∈ G = SU(2n) transforms u as
u→ g u h(g, φ)† , with h = exp (ihaT a) . (13)
I.e. h is in the unbroken part H of the group. In case the transformation g is in the
conserved part of the group, g ∈ H , we have that h = g.
We can now define the quantities
uµ = i
(
u†∂µu− u∂µu†
)
,
Γµ =
1
2
(
u†∂µu− u∂µu†
)
. (14)
Under the group transformation in all cases we have uµ → huµh† and Γµ can be used
to define a covariant derivative.
∇µuν ≡ ∂µuν + Γµuν − uνΓµ → h∇µuνh† . (15)
In [1] we also showed how the external fields can be included in a similar way as for
the QCD case in [22, 13]. In particular the quark masses can be put in a quantity
χ± that transforms as χ± → hχ±h†.
The lowest order Lagrangian takes on the standard form
LLO = F
2
4
〈uµuµ + χ+〉 (16)
for all three cases and the same is true for the NLO Lagrangian.
LNLO = L0〈uµuνuµuν〉+ L1〈uµuµ〉〈uνuν〉+ L2〈uµuν〉〈uµuν〉
+L3〈uµuµuνuν〉+ L4〈uµuµ〉〈χ+〉+ L5〈uµuµχ+〉+ L6〈χ+〉2
+L7〈χ−〉2 + 1
2
L8〈χ2+ + χ2−〉 . (17)
We have kept only the terms contributing to meson-meson scattering in (17).
The NNLO Lagrangian is known for the complex or QCD case [16] as well as its
divergence structure [17]. The same Lagrangian with the changes mentioned above
is complete for the other two cases but probably not minimal. We have nonetheless
chosen to leave the contributions from those terms in the results quoted here.
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2.3 Renormalization
We use the standard renormalization procedure in ChPT [22, 13] with the extension
to NNLO described in great detail in [20, 17]. The divergences at NLO are canceled
by the subtractions as calculated in [1]. At NNLO the divergences for the QCD case
are canceled by the subtractions calculated in [17]. The other two cases satisfy all
the expected constraints. Nonlocal divergences fully cancel, the ǫ parts of the loop
integrals as defined in App. D always cancel and the double divergences satisfy the
Weinberg relations [17].
As usual in ChPT we apply the MS scheme of dimensional regularization, in
which the bare LECs Li are defined as
Li = (cµ)
d−4 [ΓiΛ + L
r
i (µ)] (18)
Where the dimension d = 4− 2ǫ, and
Λ =
1
16π2(d− 4) , (19)
ln c = −1
2
[ln 4π + Γ′(1) + 1] . (20)
The coefficients Γi can be found in [22, 1] for the complex and in [1] for the real and
pseudo-realSp(2n) case.
The NNLO terms can be made finite with the subtractions
Ki = (cµ)
2(d−4)
[
Kri − Γ(2)i Λ2 −
(
1
16π2
Γ
(1)
i + Γ
(L)
i
)
Λ
]
. (21)
The coefficients Γ
(2)
i , Γ
(1)
i and Γ
(L)
i for the complex case have been derived in [17].
For the real and pseudo-real case, the results do not exist. We have checked that all
remaining divergences are local and can thus be subtracted.
3 General results for the amplitudes
3.1 ππ case
The ππ scattering amplitude, which correspond to the QCD case with n = 2 is well
known. Due to crossing and the possible SU(2) (isospin) invariants the amplitude
can be written as [18, 23]
Mππ(s, t, u) = δ
abδcdA(s, t, u) + δacδbdA(t, u, s) + δadδbcA(u, s, t) . (22)
The function A(s, t, u) is symmetric under the interchange of t and u.
The possible states of two pions are isospin 0, 1 or 2. The amplitude for the three
channels are given by [23]
T 0(s, t, u) = 3A(s, t, u) + A(t, s, u) + A(u, t, s),
T 1(s, t, u) = A(t, s, u)−A(u, s, t),
T 2(s, t, u) = A(t, s, u) + A(u, s, t). (23)
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Where I is isospin, and PI is the projection operator on isospin I They satisfy the
relation
Mππ(s, t, u) =
∑
I=0,2
T I(s, t, u)PI . (24)
and
T I(s, t, u)PI (no sum) = PIMππ(s, t, u) . (25)
In the remainder of this section we will generalize these results. (22) is generalized
in terms of two functions in Sect. 3.2. The possible intermediate states and the
corresponding amplitudes are derived for the three cases separately in the last three
subsections of this section.
3.2 General amplitude
The amplitude for meson-meson scattering is given by
〈φc(pc)φd(pd)|φa(pa)φb(pd)〉 = M(s, t, u) . (26)
The Mandelstam variables s, t, u are defined by
s = (pa + pb)
2/M2phys , t = (pa − pc)2/M2phys , u = (pa − pd)2/M2phys . (27)
These satisfy
s+ t+ u = 4 . (28)
We have chosen here to use the dimensionless versions in order to simplify later
formulas.
The flavour structure of the amplitude for meson-meson scattering can be de-
scribed by constructing all possible invariants from the four corresponding generator
matrices Xe, e = a, b, c, d. Taking into account that 〈Xe〉 = 0 there are 9 invariants
possible
〈XaXbXcXd〉, 〈XaXcXdXb〉, 〈XaXdXbXc〉,
〈XaXdXcXb〉, 〈XaXbXdXc〉, 〈XaXcXbXd〉,
〈XaXb〉〈XcXd〉, 〈XaXc〉〈XbXd〉, 〈XaXd〉〈XbXc〉 . (29)
Under charge conjugation Xa −→ XaT . This means that the amplitudes multiplying
the first row in (29) must be the same as those multiplying the second row.3 As a
result the full amplitude can be written in terms of two invariant amplitudes B(s, t, u)
and C(s, t, u).
M(s, t, u) =
[
〈XaXbXcXd〉+ 〈XaXdXcXb〉
]
B(s, t, u)
+
[
〈XaXcXdXb〉+ 〈XaXbXdXc〉
]
B(t, u, s)
+
[
〈XaXdXbXc〉+ 〈XaXcXbXd〉
]
B(u, s, t)
+δabδcdC(s, t, u) + δacδbdC(t, u, s) + δadδbcC(u, s, t) . (30)
3Alternatively use (9) for the real and pseudo-real case.
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The flavour structure also implies that
B(s, t, u) = B(u, t, s) C(s, t, u) = C(s, u, t) . (31)
For n = 3 there is the Cayley-Hamilton relation
∑
6 permutations
〈XaXbXcXd〉 = ∑
3 permutations
〈XaXb〉〈XcXd〉 , (32)
which allows for an ambiguity in the split of B and C. For n = 2 we can perform all
the traces with four matrices Xa in terms of Kronecker deltas.
The relation between the general amplitudes and the ππ scattering case (22) is
A(s, t, u) = C(s, t, u) +B(s, t, u) +B(t, u, s)− B(u, s, t) . (33)
Note that the property (31) insures that A(s, t, u) is symmetric under the interchange
of t and u as it should be. The form (22) holds also for any set of pions. I.e., taking
any SU(2) subgroup of the unbroken group and any three of the pseudo Goldstone
bosons that form a triplet under such a group, one can rewrite the general amplitude
(30) into (22) using (33).
3.3 QCD case: channels and amplitudes
The Goldstone boson transform under the conserved part of the group, SU(n), as
φ→ hφh† . (34)
This means that they are in the adjoint representation of SU(n). For the n = 2, 3 case
we have an isospin triplet under SU(2) and an octet under SU(3). The intermediate
states for these are well known:
SU(2) : 3⊗ 3 = 1⊕ 3⊕ 5 (or I = 0, 1, 2) ,
SU(3) : 8⊗ 8 = 1⊕ 8S ⊕ 8A ⊕ 10⊕ 10⊕ 27 . (35)
The group theory for SU(n) can be done in many ways. One is via Young diagrams
and the second using tensor methods. We will do both. The SU(n) case derived here
was in fact known [24] and our results are in agreement with his. Young diagrams
for SU(n) are explained in [25] page 370. The Young diagrams for SU(n) give
...
⊗
...
= · ⊕
...
⊕
...
⊕
...
⊕
...
...
⊕
...
⊕
...
...
(36)
Note that the
... stand for n − 5 boxes. In terms of free indices the right hand side
of (36) is no indices (singlet), twice one upper and one lower index (adjoint). The
remaining four have all two lower and two upper indices, where the upper indices are
produced from the columns with length n− 1 and n− 2 boxes using the Levi-Civita
tensor ǫi1...in. For these we use the notation RYX where X = S,A indicate whether
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the lower indices are symmetric or antisymmetric and Y = S,A the same for the
upper indices. The decomposition (36) can thus be written as
Adj.⊗Adj. = RI ⊕ RS ⊕ RA ⊕+R AS ⊕ R SA ⊕R AA ⊕R SS (37)
The order of the irreducible representation on the right-hand side is the same in (36)
and (37).
If we have a particular two-meson state φa(p1)φ
b(p2) we have to write it in terms
of states that belong to the irreducible multiplets to obtain the amplitudes for the
different channels. We use a simplified notation below with A = Xa, B = Xb, C = Xc
and D = Xd for many of the terms. All traces connecting a lower with an upper
index must vanish.
• RI : singlet representation. All indices should be contracted, so this must be
proportional to AjiB
i
j = 〈AB〉. Summing over the n2−1 states that are present
tells us that the correct normalized state is
RI =
1√
n2 − 1
∑
a,b
〈XaXb〉φaφb . (38)
A projection operator P abcdI that projects on the singlet component is
P abcdI =
1
n2 − 1〈AB〉〈CD〉 . (39)
It can be checked that this is a projection operator
P abcdI P
cdef
I = P
abef
I , (40)
using (8) and
∑
a,b δab = n
2 − 1.
• RS: adjoint symmetric representation. This needs in the end an upper and a
lower index and must be traceless. We choose here to split up the two possible
contractions of the indices of A and B in way that is symmetric under the
interchange of A and B.
(RS)
i
j =
√
n
2(n2 − 4)
[
Amj B
i
m +B
m
j A
i
m −
2
n
δij〈AB〉
]
. (41)
The last term is needed to make RS traceless. The normalization can be worked
out by checking the normalization of a particular state or by checking that the
projection operator4
PS = RS(A,B)
i
j RS(C,D)
j
i (42)
has the correct normalization, its square is equal to itself. This leads finally to
the projection operator
PS =
n
2(n2 − 4)
[
〈(AB + CD)(CD +DC)〉 − 4
n
〈AB〉〈CD〉
]
. (43)
Suppressing the indices we get similar to (40) P 2S = PS and PSPI = PIPS = 0.
4We suppress the superscript abcd from now on.
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• RA: adjoint anti-symmetric representation
(RA)
i
j =
1√
2n
(
Amj B
i
m − Bmj Aim
)
. (44)
RA(A,B) is traceless and antisymmetric in A and B. The projection operator
corresponding to this is
PA =
−1
2n
〈(AB −BA)(CD −DC)〉 . (45)
• RAS : symmetric for lower indices and antisymmetric for upper. A state here
corresponds to(
RAS
)ij
kl
=
1
2
[
AikB
j
l +
1
n
δik
(
AjmB
m
l −Aml Bjm
)]
−(i↔ j) + (k ↔ l)− (i↔ j, k ↔ l) . (46)
The projection operator on this type of states is
PSA =
(
RAS (A,B)
)ij
kl
(
RAS (C,D)
)kl
ij
=
1
4n
[
〈(AB −BA)(CD −DC)〉+ n
(
〈ACBD〉
−〈ADBC〉
)
+ n
(
〈AC〉〈BD〉 − 〈AD〉〈CD〉
)]
. (47)
• RSA: antisymmetric for lower indices and symmetric for upper. A state here
corresponds to(
RSA
)ij
kl
=
1
2
[
AikB
j
l −
1
n
δik
(
AjmB
m
l − Aml Bjm
)]
+(i↔ j)− (k ↔ l)− (i↔ j, k ↔ l) . (48)
The projection operator on this type of states is
PAS =
1
4n
[
〈(AB −BA)(CD −DC)〉 − n
(
〈ACBD〉
−〈ADBC〉
)
+ n
(
〈AC〉〈BD〉 − 〈AD〉〈CD〉
)]
. (49)
• RSS : symmetric for both upper index and lower index. The states are
(RSS)
ij
kl =
1
2
[
AikB
j
l −
1
n + 2
δik
(
Aml B
j
m +B
m
l A
j
m
)
+
1
(n+ 1)(n+ 2)
δikδ
j
l 〈AB〉
]
+(i↔ j) + (k ↔ l) + (i↔ j, k ↔ l) (50)
and the projection operator is
PSS =
−1
4(n+ 2)
〈(AB +BA)(CD +DC)〉+ 1
4
(
〈ACBD〉
+〈ADBC〉
)
+
1
4
(
〈AC〉〈BD〉+ 〈AD〉〈CD〉
)
+
1
2(n+ 1)(n+ 2)
〈AB〉〈CD〉 . (51)
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• RAA: antisymmetric for both upper index and lower index. The states are
(RAA)
ij
kl =
1
2
[
AikB
j
l +
1
n− 2δ
i
k
(
Aml B
j
m +B
m
l A
j
m
)
− 1
(n− 1)(n− 2)δ
i
kδ
j
l 〈AB〉
]
−(i↔ j)− (k ↔ l) + (i↔ j, k ↔ l) (52)
and the projection operator is
PAA =
−1
4(n− 2)〈(AB +BA)(CD +DC)〉 −
1
4
(
〈ACBD〉
+〈ADBC〉
)
+
1
4
(
〈AC〉〈BD〉+ 〈AD〉〈CD〉
)
+
1
2(n− 1)(n− 2)〈AB〉〈CD〉 . (53)
The projection operators agree with those of [24] and using (9) can be shown to
satisfy PrPr′ = Prδrr′ for r the various representations. One last check is that∑
r
Pr = 〈AC〉〈BD〉 . (54)
The right-hand side is the unit operator when acting on the product of two states in
the adjoint representation. It can also be seen that RI , RS, R
A
A and R
S
S are symmetric
under interchanging A and B while RA, R
S
A and R
A
S are antisymmetric.
The amplitude in the different intermediate states can now be extracted from the
general amplitude in two equivalent ways. We can pick a state Rr in a representation
r and get it via
Tr = 〈Rr|M(s, t, u)|Rr〉 , (55)
or apply the projection operators on the full amplitude with
PrTr = PrM(s, t, u) . (56)
Both methods give as expected the same result but the second one is much easier
to apply. For the first method it is best to choose a state where the terms with δ
functions are not present. E.g. for the four index representations take a state Rr
with i = 1, j = 2, k = 3, l = 4. For evaluating (56) one can use (8).
TI = 2
(
n− 1
n
)
[B(s, t, u) +B(t, u, s)]− 2
n
B(u, s, t)
+(n2 − 1)C(s, t, u) + C(t, u, s) + C(u, s, t) ,
TS =
(
n− 4
n
)
[B(s, t, u) +B(t, u, s)]− 4
n
B(u, s, t)
+C(t, u, s) + C(u, s, t) ,
TA = n[−B(s, t, u) +B(t, u, s)] + C(t, u, s)− C(u, s, t) ,
TSA = C(t, u, s)− C(u, s, t) ,
TAS = C(t, u, s)− C(u, s, t) ,
TSS = 2B(u, s, t) + C(t, u, s) + C(u, s, t) ,
TAA = −2B(u, s, t) + C(t, u, s) + C(u, s, t) . (57)
10
They satisfy the relation similar to (24),
M(s, t, u) =
∑
r
Tr(s, t, u)Pr . (58)
One also notices that TSA = TAS in general from (57).
3.4 Real case: channels and amplitudes
In this subsection we work out the possible two meson intermediate states for the
case of SU(2n)/SO(2n). One problem is that the mesons transform under SO(2n)
as φ → hφh†. The matrices h ∈ SO(2n) in the embedding introduced here do
not simply satisfy hhT = 1 either. In our case the SO(2n) is instead defined as
hJSh
T = JS. The easiest way to obtain objects that appear in the usual way is to
note that using (6)
φJS → hφh†JS = hφJShT (59)
and that an invariant trace on these object needs an extra factor of JS. E.g.
(φaJS)JS(φ
bJS)→ h(φaJS)hTJSh(φbJS)hT = h(φaJS)JS(φbJS)hT . (60)
Keeping that in mind we can use the standard way of dealing with SO(2n). Note that
(φJS)
T = JSφ
T = φJS so the Goldstone bosons live in the symmetric representation
of SO(2n).
The method of Young tableaux has been generalized to SO(2n) [26]. Putting
together two symmetric representations gives
⊗ = · ⊕ ⊕ ⊕ ⊕ ⊕ (61)
We can write this in the form
Sym.⊗Sym. = RI ⊕ RA ⊕ RS ⊕RFS ⊕ RMA ⊕ RMS . (62)
The states are given in Tab. 1. They are made traceless but remember that indices
of φaJS and φ
bJS are always contracted with JS.
As an example the singlet representation RI is proportional to
(φaJS)ijJSikJSjl(φ
bJS)kl = 〈φaφb〉 .
The two-index antisymmetric representation RA is, now using A,B for φ
a, φb,
(AJS)ik(BJS)jlJSkl − (AJS)jk(BJS)ilJSkl = (ABJ − BAJ)ij (63)
where we heavily used J2S = 1 and the fact that AJS and BJS are symmetric matrices.
One can also easily check that the trace (ABJS −BAJS)ijJSij vanishes.
Then RA and RS are antisymmetric respectively symmetric both under i ↔ j
and A ↔ B. The remaining ones are the four-index representations. RFS is fully
symmetric in all indices and under A↔ B. The two remaining representations have
a mixed symmetry in the indices but are antisymmetric respectively symmetric under
A↔ B.
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RI
1√
(2n−1)(n+1)
〈AB〉
RA (ABJ − BAJ)ij
RS (ABJ +BAJ)ij − 1nJij〈AB〉
RFS (AJ)ij (BJ)kl − 1n+2
[
Jij(ABJ +BAJ)kl
]
+ 1
2(n+2)(n+1)
JijJkl〈AB〉
+(ijkl ↔ ikjl) + (ijkl ↔ iljk) + (ijkl ↔ klij)
+(ijkl ↔ jlik) + (ijkl ↔ jkil)
RMA (AJ)ij (BJ)kl − (AJ)kl (BJ)ij − 12n+2
[
Jik(ABJ − BAJ)jl
+Jjk(ABJ −BAJ)il + Jil(ABJ − BAJ)jk + Jjl(ABJ − BAJ)ik
]
RMS (AJ)ij (BJ)kl + (AJ)kl (BJ)ij − (AJ)ik (BJ)jl − (AJ)jl (BJ)ik
+ 1
2(n−1)
[
Jij(ABJ +BAJ)kl + Jkl(ABJ +BAJ)ij
−Jik(ABJ +BAJ)jl − Jjl(ABJ +BAJ)ik
]
− 1
(n−1)(2n−1)
(
JijJkl − JikJjl
)
〈AB〉
Table 1: The intermediate states for the real or adjoint case, SU(2n)/SO(2n). The
notations A,B stands for φa and φb and J is JS everywhere.
PI
1
(2n−1)(n+1)
〈AB〉〈CD〉
PA − 12(n+1)〈(AB −BA)(CD −DC)〉
PS
n
2(n−1)(n+2)
(
〈(AB +BA)(CD +DC)〉 − 2
n
〈AB〉〈CD〉
)
PFS
1
6
[
2
(n+1)(n+2)
〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉
+2〈ACBD + ADBC〉 − 2
n+2
〈(AB +BA)(CD +DC)〉
]
PMA
1
2(n+1)
〈(AB − BA)(CD −DC)〉+ 1
2
(〈AC〉〈BD〉 − 〈AD〉〈BC〉)
PMS
1
6
[
2
(n−1)(2n−1)
〈AB〉〈CD〉+ 2
(
〈AC〉〈BD〉+ 〈AD〉〈BC〉
)
−2〈ADBC + ACBD〉 − 1
n−1
〈(AB + BA)(CD +DC)〉
]
Table 2: The projection operator for the different intermediate states for the real or
adjoint case, SU(2n)/SO(2n).
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The corresponding projection operators are given in Tab. 2. These can be ob-
tained by contracting the indices with JS of the states once with A,B and once with
C,D.
We can now use Tabs. 1 and 2 to project out the amplitudes in the various
channels using (55) or (56). The results are
TI =
1
n
(2n− 1)(n+ 1)[B(s, t, u) +B(t, u, s)] + 1
n
(n− 1)B(u, s, t)
+(2n− 1)(n+ 1)C(s, t, u) + C(t, u, s) + C(u, s, t) ,
TA = −(1 + n)[B(s, t, u)− B(t, u, s)] + C(t, u, s)− C(u, s, t) ,
TS =
1
n
(n− 1)(n+ 2)[B(s, t, u) +B(t, u, s)] + 1
n
(n− 2)B(u, s, t)
+C(t, u, s) + C(u, s, t) ,
TFS = 2B(u, s, t) + C(t, u, s) + C(u, s, t) ,
TMA = C(t, u, s)− C(u, s, t) ,
TMS = −B(u, s, t) + C(t, u, s) + C(u, s, t) . (64)
3.5 Pseudo-real case: channels and amplitudes
In this subsection we work out the possible two meson intermediate states for the
case of SU(2n)/Sp(2n). One problem is that the mesons transform under Sp(2n) as
in φ → hφh†. The easiest way to obtain objects that appear in the usual way is to
note that using (6)
φJA → hφh†JA = hφJAhT (65)
and that an invariant trace on these object needs an extra factor of JA. Keep-
ing that in mind we can use the standard way of dealing with Sp(2n). Note that
(φJA)
T = JTAφ
T = −JAφT = φJS so the Goldstone bosons live in the antisymmetric
representation of Sp(2n).
The method of Young tableaux also is developed for Sp(2n) [27]. Putting together
two antisymmetric representations gives
⊗ = · ⊕ ⊕ ⊕ ⊕ ⊕ (66)
We can write this in the form
Asym.⊗Asym. = RI ⊕ RA ⊕ RS ⊕ RFA ⊕ RMA ⊕ RMS . (67)
The states are given in Tab. 1. They are made traceless but remember that indices
of φaJA and φ
bJA are always contracted with JA.
The representations are the singlet representation, symmetric under A↔ B, RA
which is antisymmetric under the interchange i ↔ j but symmetric under A ↔ B
and RS which is symmetric under the interchange i ↔ j but antisymmetric under
A ↔ B Let us show the latter on RA The two-index antisymmetric representation
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RI
1√
(2n+1)(n−1)
〈AB〉
RA (ABJ +BAJ)ij − 1nJij〈AB〉
RS (ABJ − BAJ)ij
RFA (AJ)ij (BJ)kl +
1
n−2
Jij(ABJ +BAJ)kl − 12(n−1)(n−2)JijJkl〈AB〉
−(ijkl ↔ ikjl) + (ijkl ↔ iljk) + (ijkl ↔ klij)
+(ijkl ↔ jlik) + (ijkl ↔ jkil)
RMA (AJ)ij (BJ)0kl − (AJ)kl (BJ)0ij − 12n−2
[
Jik(ABJ − BAJ)jl
+Jjl(ABJ − BAJ)ik − Jil(ABJ − BAJ)jk − Jjk(ABJ − BAJ)il
]
RMS
{
(AJ)ij (BJ)kl + (AJ)ik (BJ)jl − 12(n+1)
[
Jij(ABJ +BAJ)kl
−Jik(ABJ +BAJ)jl
]
+ (ij ↔ kl)
}
+ 1
2(n+1)(2n−1)
(
JijJkl − JikJjl
)
〈AB〉
Table 3: The intermediate states for the pseudo-real or two-colour case,
SU(2n)/Sp(2n). J means JA.
RA is, now using A,B for φ
a, φb,
(AJA)ik(BJA)jlJAkl − (AJA)jk(BJA)ilJAkl
= −(AJA)ikJAkl(BJA)ljJAkl − (BJA)ilJAlk(AJA)ki
= (ABJ +BAJ)ij , (68)
where we used J2A = −1 and the fact that AJA, BJA and JA are antisymmetric
matrices.
The remaining ones are the four-index representations. RFA is fully antisymmet-
ric in all indices and symmetric under A ↔ B. The two remaining representations
have a mixed symmetry in the indices but are antisymmetric respectively symmetric
under A↔ B. The states are give in Tab. 3.
The projection operators can be constructed by contracting all indices with JA
of the states once with A,B and once with C,D. The results are given in Tab. 4.
We can now use again (55) or (56) to obtain the amplitudes in the different
channels. The results are very similar to the real case and read
TI =
1
n
(2n+ 1)(n− 1)[B(s, t, u) +B(t, u, s)]− 1
n
(n + 1)B(u, s, t)
+(2n+ 1)(n− 1)C(s, t, u) + C(t, u, s) + C(u, s, t) ,
TA =
1
n
(n + 1)(n− 2)[B(s, t, u) +B(t, u, s)]− 1
n
(n + 2)B(u, s, t)
+C(t, u, s) + C(u, s, t) ,
TS = (1− n)[B(s, t, u)− B(t, u, s)] + C(t, u, s)− C(u, s, t) ,
TFA = −2B(u, s, t) + C(t, u, s) + C(u, s, t) ,
TMA = C(t, u, s)− C(u, s, t) .
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PI
1
(2n+1)(n−1)
〈AB〉〈CD〉
PA
n
2(n+1)(n−2)
(
〈(AB +BA)(CD +DC)〉 − 2
n
〈AB〉〈CD〉
)
PS − 12(n−1)〈(AB −BA)(CD −DC)〉
PFA
1
6
[
2
(n−1)(n−2)
〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉
−2〈ACBD + ADBC〉 − 2
n−2
〈(AB + BA)(CD +DC)〉
]
PMA
1
2(n−1)
〈(AB − BA)(CD −DC)〉+ 1
2
(〈AC〉〈BD〉 − 〈AD〉〈BC〉)
PMS
1
3
[
1
(n+1)(2n+1)
〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉
+〈ACBD + ADBC〉 − 1
2(n+1)
〈(AB +BA)(CD +DC)〉
]
Table 4: The projection operator for the different channels for the pseudo-real or
two-colour case, SU(2n)/Sp(2n).
(1) (2) (3) (4)
Figure 1: The leading order and next-to leading order for meson-meson scattering
φφ→ φφ. The filled circle is a vertex from L2, and the filled square is a vertex from
L4.
TMS = B(u, s, t) + C(t, u, s) + C(u, s, t) , (69)
4 Results for the amplitude M(s, t, u)
We have rewritten the amplitudes here in terms of the physical decay constant Fphys
and mass M2phys. The relation of these to the lowest order results can be found in [1].
We also use the abbreviations
x2 =
M2phys
F 2phys
, L =
1
16π2
ln
M2phys
µ2
, π16 =
1
16π2
. (70)
In addition we have often used (28) to simplify the expressions.
4.1 Lowest order
The lowest order result comes from the simple tree-level diagram (1) of Fig. 1.
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BLO(s, t, u) = x2
(
−1
2
t+ 1
)
, CLO(s, t, u) = 0 , (71)
for all cases. This reproduces using the relation (33) Weinberg’s result [18] for ππ
scattering
ALO = x2 (s− 1) . (72)
4.2 Next-to-leading order
The next-to-leading order contains the 3 diagrams (2-4) in Fig. 1 in addition to
wave-function-renormalization. The divergences from loop diagram (3) and (4) can
be canceled by the bare low energy constants (LECs) of L4 in the diagram (2).
The functions B(s, t, u) and C(s, t, u) can be calculated from the one-loop graphs
shown in Fig. 1(2-4) and wave-function renormalization. It also contains terms from
rewriting the lowest-order result in the physical mass and decay constant.
The functions B(s, t, u) and C(s, t, u) can be rewritten in the form
B(s, t, u) = x22 [BP (s, t, u) +BS(s, t− u) +BS(u, t− s) +BT (t)] ,
C(s, t, u) = x22 [CP (s, t, u) + CS(s) + CT (t) + CT (u)] . (73)
BP (s, t, u) and CP (s, t, u) are the polynomial part, the remaining pieces are often
called the unitarity correction. This can be proven using an extension of the methods
of [28].
Using (28) we rewrite the polynomial part in its simplest form satisfying the
symmetry constraints (31):
BP (s, t, u) = α1 + α2t + α3t
2 + α4(s− u)2 ,
CP (s, t, u) = β1 + β2s+ β3s
2 + β4(t− u)2 . (74)
The polynomial part for the three cases is give in Tab. 5.
The unitarity correction is given in Tab.6. We noticed that the C functions for
the SO(2n) and Sp(2n) case are the same.
4.3 Next-to-next-to-leading order
There are 13 diagrams at next-to-next-to-leading order shown in Fig. 2. We have
checked that the nonlocal divergence cancels for all three cases and that for the
complex or QCD case the result is fully finite with the subtractions calculated in
[17].
The diagrams (15) and (16) are often called the sunset and vertex or fish diagram
respectively. These require the most difficult integrals. At intermediate stages we
needed more integrals than those calculated for [19, 20]. They were calculated with
the methods of [29] and are given in App. D.
B(s, t, u) = x32 [BP (s, t, u) +BS(s, t− u) +BS(u, t− s) +BT (t)] ,
C(s, t, u) = x32 [CP (s, t, u) + CS(s) + CT (t) + CT (u)] . (75)
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QCD: SU(n)× SU(n)/SU(n)
BP (s, t, u) α1
2
n
L+ 2
n
π16 + 16L
r
8 + 16L
r
0 − 23nL− 59nπ16
α2 −4Lr5 − 16Lr0 + 512nL+ 1136nπ16
α3 L
r
3 + 4L
r
0 − 116nL− 124nπ16
α4 L
r
3 − 148nL− 136nπ16
CP (s, t, u) β1 32(L
r
1 − Lr4 + Lr6)− 2n2 (L+ π16)
β2 16L
r
4 − 32Lr1
β3 −38L+ 2Lr2 + 8Lr1 − 38π16
β4 2L
r
2 − 18L− 18π16
Adjoint: SU(2n)/SO(2n)
BP (s, t, u) α1 16(L
r
0 + L
r
8)−
(
7
6
+ 2n
3
− 1
n
)
L−
(
19
18
+ 5n
9
− 1
n
)
π16
α2 −16Lr0 − 4Lr5 +
(
5n
12
+ 2
3
)
L+
(
5
9
+ 11n
36
)
π16
α3 4L
r
0 + L
r
3 −
(
1
8
+ n
16
)
L−
(
5
48
+ n
24
)
π16
α4 L
r
3 +
(
1
24
− n
48
)
L+
(
5
144
− n
36
)
π16
CP (s, t, u) β1 32(L
r
1 − Lr4 + Lr6)− 12n2 (L+ π16)
β2 16 (L
r
4 − 2Lr1)
β3 8L
r
1 + 2L
r
2 − 316π16 − 316L
β4 2L
r
2 − 116L− 116π16
Two-colour: SU(2N)/Sp(2N)
BP (s, t, u) α1 16(L
r
0 + L
r
8) +
(
7
6
+ 1
n
− 2n
3
)
L+
(
19
18
− 5n
9
+ 1
n
)
π16
α2 −16Lr0 − 4Lr5 +
(
5n
12
− 2
3
)
L+
(
5
9
− 11n
36
)
π16
α3 4L
r
0 + L
r
3 +
(
1
8
− n
16
)
L+
(
5
48
− n
24
)
π16
α4 L
r
3 −
(
1
24
+ n
48
)
L−
(
5
144
+ n
36
)
π16
CP (s, t, u) β1 32(L
r
1 − Lr4 + Lr6)− 12n2 (L+ π16)
β2 16(L
r
4 − 2Lr1)
β3 8L
r
1 + 2L
r
2 − 316π16 − 316L
β4 2L
r
2 − 116L− 116π16
Table 5: The next-to-leading results for all three cases for the polynomial part. The
coefficients are defined in (74).
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(5) (6) (7)
(8) (9) (10)
(11) (12) (13) (14)
(15) (16)
Figure 2: The next-to-next-to leading order diagrams for ππ → ππ. The filled circle
a vertex from L2, The filled square is a vertex from L4, and the open square is a
vertex from L6.
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QCD: SU(n)× SU(n)/SU(n)
BS(s, t− u) J¯(s)
[
− 1
n
+ n
16
s2 + n
12
(
1− s
4
)
(t− u)
]
BT (t) 0
CS(s) J¯(s)
(
2
n2
+ 1
4
s2
)
CT (t)
1
4
J¯(t) (t− 2)2
Adjoint: SU(2n)/SO(2n)
BS(s, t− u) J¯(s)
[
− 1
2n
+ s
4
+ 1
16
(n− 1) s2 + 1
12
(n+ 1)
(
1− s
4
)
(t− u)
]
BT (t)
1
8
J¯(t)(t− 2)2
CS(s) J¯(s)
(
1
2n2
+ 1
8
s2
)
CT (t)
1
8
J¯(t)(t− 2)2
Two-colour: SU(2N)/Sp(2N)
BS(s, t− u) J¯(s)
[
− 1
2n
− 1
4
s + 1
16
(n+ 1)s2 + 1
12
(n− 1)
(
1− s
4
)
(t− u)
]
BT (t) −18 J¯(t)(t− 2)2
CS(s) J¯(s)
(
1
2n2
+ 1
8
s2
)
CT (t)
1
8
J¯(t)(t− 2)2
Table 6: The next-to-leading results for all three cases for the unitarity correction.
The polynomial parts we rewrite using (28) in their simplest form satisfying the
symmetry constraints (31):
BP (s, t, u) = γ1 + γ2t+ γ3t
2 + γ4(s− u)2 + γ5t3 + γ6t(s− u)2 ,
CP (s, t, u) = δ1 + δ2s+ δ3s
2 + δ4(t− u)2 + δ5s3 + δ6s(t− u)2 . (76)
The coefficients in these polynomials as well as the functions in (75) are given in
App. A. The FORM expressions can be downloaded from [30]. We stress once more
that the result is fully analytical and expressed in terms of L and J .
5 Scattering lengths
The threshold parameters of general meson meson scattering are defined similar to
those of ππ scattering. First we calculate the amplitudes for the different channels
using (57), (64) and (69) for each of the possible intermediate states of representation
or channels I.
The scattering amplitude for each channel I can be projected out using the partial
wave expansion
T Iℓ (s) =
1
64π
∫ 1
−1
d(cosθ)Pℓ(cosθ)TI(s, t, u) . (77)
Near the threshold s = 4, we can expand the amplitude above the threshold using
s = 4(1 + q2/M2π) in the small three-momentum q.
Re T Iℓ (s) = q
2ℓ[aIℓ + q
2bIℓ +O(q
4)] , (78)
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where aIℓ is the scattering length, and b
I
ℓ is the slope.
In App. C, we give the expressions of the lowest partial wave scattering length for
each channel in all three cases. As mentioned in Sect. 3, some channels are symmetric
under A↔ B, hence the lowest order partial wave is ℓ = 0. The other channels are
antisymmetric under A ↔ B, so that the lowest order partial wave is ℓ = 1. A and
B are the incoming mesons here using the notation of Sect. 3.
For the purpose of illustration, we plot the scattering length for the singlet and the
fully-symmetric (fully-antisymmetric) channels as a function of the physical meson
mass M2phys. Since currently we do not have knowledge for the values of the low
energy constants for these, we take the values of the Lri of fit 10 of [31] for the
complex or QCD case and half that for the other two as suggested by the large n
relations discussed below. The values of the NNLO LECs we simply put to zero.
We also choose the subtraction scale µ = 0.77 GeV and the physical decay constant
Fphys = 0.0924 GeV.
The singlet case for the complex case is shown in Fig. 3. We have divided the
scattering length by n to make the lowest order similar for all cases. Plotted are
n = 2, . . . , 5. One can see that for a given M2phys the convergence gets progressively
worse for larger n. For n = 2 this corresponds to a00.
The fully symmetric case case for the complex case is shown in Fig. 4. Plotted are
n = 2, . . . , 5. One can see that for a given M2phys the convergence gets progressively
worse for larger n. For n = 2 this corresponds to a20. The lowest order is independent
of n. The NLO order is only mildly dependent on n while the NNLO part grows fast
with n.
5.1 Large n behaviour
Looking at the lowest order expressions in App. C we notice immediately that the
large n behaviour for the scattering lengths fall in three classes.
The scattering length is of order n for the singlet and symmetric and asymmetric
representation and what is more they are clearly related for the three cases:
aI0|complex = aI0|real = aI0|pseudoreal =LO
x2
π
n
8
, (79)
aS0 |complex = aS0 |real = aA0 |pseudoreal =LO
x2
π
n
16
, (80)
aA1 |complex = aA1 |real = aS1 |pseudoreal =LO
x2
π
n
48
, (81)
The symbol =LO means equality at lowest order. Do the relations (79-81) remain
valid at higher orders? If we choose F 2phys ∝ n and M2phys independent of n, we find
that it is indeed the case for (80,81). For (79) it is true, provided we set the NLO
LECs Lri of the real and pseudoreal case to half those of the complex case and the
NNLO coefficients Ki to 1/4 the complex case. The contributions are nonzero at the
three orders for all of them. The subleading orders in 1/n are different.
A second class is those which are order 1 in the coefficient of x2/π at lowest order.
For these we find
aSS0 |complex = aFS0 |real = 2aMS0 |pseudoreal =LO
x2
π
−1
16
, (82)
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Figure 3: Scattering length aI0/n for the complex or QCD case, SU(n) ×
SU(n)/SU(n).
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Figure 4: Scattering length aSS0 for the complex or QCD case, SU(n)×SU(n)/SU(n).
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Figure 5: Scattering length of aI0/n for the real or adjoint case, SU(2n)/SO(2n).
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Figure 6: Scattering length of aFS0 for the real or adjoint case, SU(2n)/SO(2n).
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Figure 7: Scattering length of aI0/n for the pseudoreal or two-colour case,
SU(2n)/Sp(2n).
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Figure 8: Scattering length 2aMS0 for the pseudoreal or two-colour case,
SU(2n)/Sp(2n). The factor of 2 included is because of the large n relation (82).
aAA0 |complex = 2aMS0 |real = aFA0 |pseudoreal =LO
x2
π
1
16
. (83)
We do indeed find that the relations are also satisfied at NLO and NNLO. In fact
none of the scattering lengths in (82) has a leading n NLO correction to the lowest
order result. This can be clearly seen in Fig. 4 where the NLO result is very similar
in all plots.
The third class is the amplitudes that vanish at lowest order
aSA1 |complex = aAS1 |complex = 2aMA1 |real = 2aMA1 |pseudoreal =LO 0 . (84)
These are always suppressed by two powers of n compared to the first set of scattering
lengths also at NLO and NNLO. The relations (84) are satisfied at NLO with same
identifications of the LECs as above and almost at NNLO. The only terms that do
not satisfy the relation are proportional to Lr4L
r
6.
By comparing the plots shown one sees that the large n relations do predict the
general behaviour but for n = 2 and n = 4 are not that accurate.
6 Conclusions
In this work we have presented the calculation of general meson-meson scattering for
n flavours in a complex, real or pseudoreal representation of a strongly interaction
gauge group. These are also referred to as QCD, Adjoint QCD and Two-color QCD
and have as symmetry breaking patterns SU(n) × SU(n)/SU(n), SU(2n)/SO(2n)
and SU(2n)/Sp(2n)
We first reviewed the effective field theories of these three different cases. Those
theories can be written in a very similar form as discussed earlier [1]. We have
extended the methods used for ππ scattering in ChPT [20] to all the present cases.
At intermediate stages some more integrals showed up, we have calculated them and
they are tabulated in an appendix.
The amplitude can in general be written in terms of two invariant amplitudes
which we called B(s, t, u) and C(s, t, u). These amplitudes can be written in terms
of simpler functions and we have given their fully analytical expressions to NNLO.
23
Since the long term use of our work is the study of scattering on the lattice for
these alternative theories we have discussed the group theory involved and all the
possible intermediate channels. We have derived the amplitudes in all these channel
as a function of the invariant B and C functions.
The expressions for the different channels we have not shown explicitly but we
included expressions for scattering length of the lowest partial wave in all channels.
We presented a few representative numerical results for the scattering lengths and
discussed a series of relations between the different theories in the limit of a large
number of flavours n.
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A Next-to-next-to leading order result
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A.2 Real or adjoint
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A.3 Pseudo-real or two-colour
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B Polynomial parts
Divergent parts can be put here
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B.1 Complex or QCD
The coefficients of polynomials part for BP at NNLO.
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+
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+
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The coefficients of polynomials part for CP at NNLO.
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B.2 Real or adjoint
The coefficients of polynomials part for BP at NNLO.
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11 + 8K
r
18n+ 4K
r
31 + 8K
r
5 + 2K
r
7 + 4K
r
8n+
11L2n2
288
− L
2n
72
− 7L
2
96
− 4LL
r
0n
3
+
10LLr0
3n
− 4LL
r
0
3
− 4LL
r
2
3
− 2LLr3n+
10LLr3
3n
− 4LL
r
3
3
+
8LLr4
3
− LL
r
5n
3
+
2LLr5
3
+π16
(
29Ln2
216
− 23Ln
864
− 137L
1728
− 13L
r
0n
9
+
28Lr0
9n
− 13L
r
0
9
− 10L
r
1
3
− 31L
r
2
9
−11L
r
3n
6
+
28Lr3
9n
− 19L
r
3
9
+
20Lr4
9
− 4L
r
5n
9
+
5Lr5
9
)
+π216
(
− 1
108
n2π2 +
421n2
3456
− nπ
2
288
− 289n
10368
− 11π
2
1728
− 1091
20736
)
γ5 = K
r
1 − 8Kr3 − 4Kr5 −
5L2n2
1152
− 55L
2n
2304
− 5L
2
32
+
5LLr0n
12
+
5LLr0
2
+
5LLr1
2
+
25LLr2
4
+
5LLr3n
24
+
5LLr3
8
+π16
(
−19Ln
2
2304
− 13Ln
768
− 307L
1152
+
2Lr0n
9
+
7Lr0
3
+
7Lr1
3
+
35Lr2
6
+
5Lr3n
18
+
7Lr3
12
)
35
+π216
(
n2π2
3456
− 1015n
2
165888
− 29nπ
2
3456
+
10313n
165888
− 19π
2
1152
+
71
13824
)
γ6 = 3K
r
1 − 4Kr5 −
5
384
L2n2 +
L2n
768
− 5L
2
96
+
7LLr0n
12
+
5LLr0
6
+
5LLr1
6
+
25LLr2
12
+
23LLr3n
24
+
5LLr3
24
+π16
(
−203Ln
2
6912
+
65Ln
6912
− 307L
3456
+
4Lr0n
9
+
7Lr0
9
+
7Lr1
9
+
35Lr2
18
+
17Lr3n
18
+
7Lr3
36
)
+π216
(
−n
2π2
3456
− 1933n
2
165888
− 11nπ
2
3456
+
5299n
165888
− 19π
2
3456
+
71
41472
)
The coefficients of polynomials part for CP at NNLO.
δ1 = 128K
r
10n− 128Kr18 + 128Kr2 − 64Kr20 − 128Kr21 − 256Kr22n + 128Kr26 + 384Kr27n
−128Kr35 + 128Kr40 + 64Kr9 −
7L2
4n3
+
L2
n2
+
L2
2n
+
L2
2
− 48LL
r
0
n2
− 64LLr1n+
64LLr1
n
−64LLr1 +
16LLr2
n
− 16LLr2 −
48LLr3
n2
+ 64LLr4n−
48LLr4
n
+ 48LLr4 +
24LLr5
n2
+8LLr5 − 64LLr6n +
32LLr6
n
− 32LLr6 +
32LLr7
n
− 48LL
r
8
n2
− 16LLr8 − 512(Lr4)2n
−256Lr4Lr5 + 2048Lr4Lr6n + 512Lr4Lr8 + 512Lr5Lr6 − 2048(Lr6)2n− 1024Lr6Lr8
+π16
(
− 3L
2n3
+
L
n2
+
L
n
− L− 16L
r
0
n2
+
32Lr1
n
− 32Lr1 −
16Lr3
n2
− 32L
r
4
n
+ 32Lr4
+
16Lr5
n2
+
32Lr6
n
− 32Lr6 −
48Lr8
n2
)
+π216
(
5
4n3
− 1
2n2
+
3
4n
− 1
6
)
δ2 = −128Kr10n+ 128Kr18 − 192Kr2 + 32Kr20 + 64Kr21 + 128Kr22n− 32Kr32 + 64Kr35
−32Kr38 − 64Kr9 +
37L2n
72
− 3L
2
4n
− 7L
2
36
+
104LLr0
3n2
− 8LLr0 −
48LLr1
n
+ 48LLr1
−16LLr2n−
32LLr2
3n
+
32LLr2
3
+
104LLr3
3n2
− 64LL
r
3
3
+ 16LLr4n+
16LLr4
n
− 16LLr4
+12LLr5 − 32LLr6n− 24LLr8 + 256(Lr4)2n + 128Lr4Lr5 − 512Lr4Lr6n− 256Lr4Lr8
+π16
(
− 31Ln
24
− L
4n
− 5L
18
+
152Lr0
9n2
− 32Lr1n−
32Lr1
n
+ 32Lr1 −
8Lr2
9n
+
8Lr2
9
+
152Lr3
9n2
− 88L
r
3
9
+ 32Lr4n+
16Lr4
n
− 16Lr4 + 12Lr5 − 32Lr6n− 24Lr8
)
+π216
(
−nπ
2
27
− π
2
12n
− 373n
2592
+
25
16n
− 5π
2
216
− 565
648
)
δ3 = 32K
r
10n + 4K
r
15 + 8K
r
16n− 32Kr18 + 96Kr2 − 8Kr29 + 16Kr32 + 16Kr9 −
13L2n
72
+
49L2
144
− 20LL
r
0
3n2
+
10LLr0
3
+ 32LLr1n +
8LLr1
n
− 8LLr1 +
20LLr2n
3
+
8LLr2
3n
−8LL
r
2
3
− 20LL
r
3
3n2
+
44LLr3
3
− 16LLr4n− 3LLr5
36
+π16
(
11Ln
24
+
115L
144
− 56L
r
0
9n2
+
4Lr0
9
+ 32Lr1n+
8Lr1
n
− 8Lr1 +
8Lr2n
9
+
20Lr2
9n
−20L
r
2
9
− 56L
r
3
9n2
+
83Lr3
9
− 16Lr4n− 3Lr5
)
+π216
(
−25nπ
2
864
+
625n
2592
+
17π2
864
+
1451
5184
)
δ4 = 4K
r
15 + 8K
r
16n + 8K
r
29 +
5L2n
48
+
L2
24
− 2LLr0 − 4LLr2n− LLr5
+π16
(
Ln
16
+
7L
48
+ Lr3 − Lr5
)
+π216
(
nπ2
288
+
7n
64
+
π2
288
+
11
192
)
δ5 = −16Kr2 + 2Kr4 + 2Kr6 +
55L2n
384
− L
2
48
− 11LL
r
0
6
− 8LLr1n−
8LLr2n
3
− 17LL
r
3
6
+π16
(
101Ln
384
− 13L
384
− 29L
r
0
18
− 8Lr1n−
20Lr2n
9
− 97L
r
3
36
)
+π216
(
19nπ2
1152
− 115n
13824
+
π2
1152
− 349
13824
)
δ6 = 6K
r
4 − 2Kr6 +
5L2n
384
+
L2
48
− 3LL
r
0
2
− LL
r
3
2
+π16
(
Ln
128
+
13L
384
− 3L
r
0
2
− 5L
r
3
12
)
+π216
(
5nπ2
1152
− 437n
13824
− π
2
1152
+
349
13824
)
B.3 Pseudo-real or two-colour
The coefficients of polynomials part for BP at NNLO.
γ1 = 32K
r
13 + 64K
r
14n− 96Kr17 − 192Kr18n + 96Kr25 + 64Kr26n + 64Kr3 − 64Kr37
+96Kr39 + 64K
r
40n+
29L2n2
36
− 83L
2n
36
+
19L2
4n2
+
17L2
4n
+
19L2
12
− 80LL
r
0n
3
+
32LLr0
3n
+
80LLr0
3
− 64LLr1 −
224LLr2
3
− 8LLr3n +
32LLr3
3n
+
56LLr3
3
+
64LLr4
3
+
40LLr5n
3
− 48LL
r
5
n
− 64LL
r
5
3
− 160LLr6 − 32LLr7 − 64LLr8n +
112LLr8
n
+80LLr8 + 512L
r
4L
r
8n+ 256L
r
5L
r
8 − 1024Lr6Lr8n− 512(Lr8)2
+π16
(
229Ln2
216
− 623Ln
216
+
L
n2
+
L
n
+
155L
108
− 80L
r
0n
9
+
128Lr0
9n
+
224Lr0
9
−32L
r
1
3
− 368L
r
2
9
− 8L
r
3n
3
+
128Lr3
9n
+
56Lr3
9
+
256Lr4
9
+
64Lr5n
9
−32L
r
5
n
− 136L
r
5
9
− 128Lr6 − 32Lr8n+
96Lr8
n
+ 64Lr8
)
37
+π216
(
n2π2
27
+
1645n2
1728
− 10763n
5184
− 35
8n2
− 27
8n
+
13π2
54
− 2149
1296
)
γ2 = −32Kr13 − 64Kr14n + 64Kr17 + 128Kr18n− 16Kr19 − 16Kr20n− 16Kr23 − 32Kr28
−96Kr3 − 16Kr33 + 32Kr37 −
17
36
L2n2 +
85L2n
72
− 3L
2
8n2
− 3L
2
8n
− 43L
2
16
+ 24LLr0n
+
8LLr0
n
− 80LL
r
0
3
+
176LLr1
3
+
248LLr2
3
+
4LLr3n
3
+
8LLr3
n
− 32LL
r
3
3
+
32LLr4
3
+
20LLr5n
3
− 14LL
r
5
3
+ 48LLr6 + 8LL
r
8n− 12LLr8 − 64Lr4Lr5n
−32(Lr5)2 + 128Lr5Lr6n+ 64Lr5Lr8
+π16
(
− 445Ln
2
432
+
317Ln
108
− 743L
216
+ 8Lr0n−
8Lr0
n
− 272L
r
0
9
+
80Lr1
9
+
512Lr2
9
+
16Lr3n
9
− 8L
r
3
n
− 38L
r
3
9
+
32Lr4
9
+
8Lr5n
9
− 26L
r
5
9
+ 48Lr6 + 8L
r
8n− 12Lr8
)
+π216
(
− 5
72
n2π2 − 3865n
2
10368
+
35nπ2
216
+
1837n
3456
+
3
4n2
+
3
4n
− 91π
2
432
− 853
1296
)
γ3 = 2K
r
11 + 8K
r
13 + 16K
r
14n− 16Kr17 − 24Kr18n + 16Kr28 + 48Kr3 − 4Kr31 + 8Kr5
+2Kr7 + 4K
r
8n +
29L2n2
288
− 23L
2n
72
+
101L2
96
− 8LLr0n+
10LLr0
3n
+ 16LLr0
−56LL
r
1
3
− 40LLr2 −
8LLr3n
3
+
10LLr3
3n
+ 6LLr3 − 8LLr4 − LLr5n+ 2LLr5
+π16
(
49Ln2
216
− 503Ln
864
+
2867L
1728
− 7L
r
0n
3
+
28Lr0
9n
+
43Lr0
3
− 62L
r
1
9
− 31Lr2
−25L
r
3n
18
+
28Lr3
9n
+ 3Lr3 −
20Lr4
3
− 2L
r
5n
3
+
5Lr5
3
)
+π216
(
n2π2
72
+
445n2
5184
− 67nπ
2
864
+
59n
288
+
185π2
1728
+
2705
20736
)
γ4 = 2K
r
11 + 8K
r
18n+ 4K
r
31 + 8K
r
5 + 2K
r
7 + 4K
r
8n+
11L2n2
288
+
L2n
72
− 7L
2
96
− 4LL
r
0n
3
+
10LLr0
3n
+
4LLr0
3
− 4LL
r
2
3
− 2LLr3n +
10LLr3
3n
+
4LLr3
3
+
8LLr4
3
− LL
r
5n
3
− 2LL
r
5
3
+π16
(
29Ln2
216
+
23Ln
864
− 137L
1728
− 13L
r
0n
9
+
28Lr0
9n
+
13Lr0
9
− 10L
r
1
3
− 31L
r
2
9
−11L
r
3n
6
+
28Lr3
9n
+
19Lr3
9
+
20Lr4
9
− 4L
r
5n
9
− 5L
r
5
9
)
+π216
(
− 1
108
n2π2 +
421n2
3456
+
nπ2
288
+
289n
10368
− 11π
2
1728
− 1091
20736
)
γ5 = K
r
1 − 8Kr3 − 4Kr5 −
5L2n2
1152
+
55L2n
2304
− 5L
2
32
+
5LLr0n
12
− 5LL
r
0
2
+
5LLr1
2
+
25LLr2
4
+
5LLr3n
24
− 5LL
r
3
8
+π16
(
−19Ln
2
2304
+
13Ln
768
− 307L
1152
+
2Lr0n
9
− 7L
r
0
3
+
7Lr1
3
+
35Lr2
6
+
5Lr3n
18
− 7L
r
3
12
)
38
+π216
(
n2π2
3456
− 1015n
2
165888
+
29nπ2
3456
− 10313n
165888
− 19π
2
1152
+
71
13824
)
γ6 = 3K
r
1 − 4Kr5 −
5
384
L2n2 − L
2n
768
− 5L
2
96
+
7LLr0n
12
− 5LL
r
0
6
+
5LLr1
6
+
25LLr2
12
+
23LLr3n
24
− 5LL
r
3
24
+π16
(
−203Ln
2
6912
− 65Ln
6912
− 307L
3456
+
4Lr0n
9
− 7L
r
0
9
+
7Lr1
9
+
35Lr2
18
+
17Lr3n
18
− 7L
r
3
36
)
+π216
(
−n
2π2
3456
− 1933n
2
165888
+
11nπ2
3456
− 5299n
165888
− 19π
2
3456
+
71
41472
)
The coefficients of polynomials part for CP at NNLO.
δ1 = 128K
r
10n− 128Kr18 + 128Kr2 − 64Kr20 − 128Kr21 − 256Kr22n + 128Kr26
+384Kr27n− 128Kr35 + 128Kr40 + 64Kr9 −
7L2
4n3
− L
2
n2
+
L2
2n
− L
2
2
− 48LL
r
0
n2
−64LLr1n +
64LLr1
n
+ 64LLr1 +
16LLr2
n
+ 16LLr2 −
48LLr3
n2
+ 64LLr4n
−48LL
r
4
n
− 48LLr4 +
24LLr5
n2
+ 8LLr5 − 64LLr6n+
32LLr6
n
+ 32LLr6 +
32LLr7
n
−48LL
r
8
n2
− 16LLr8 − 512(Lr4)2n− 256Lr4Lr5 + 2048Lr4Lr6n+ 512Lr4Lr8
+512Lr5L
r
6 − 2048(Lr6)2n− 1024Lr6Lr8
+π16
(
− 3L
2n3
− L
n2
+
L
n
+ L− 16L
r
0
n2
+
32Lr1
n
+ 32Lr1 −
16Lr3
n2
− 32L
r
4
n
−32Lr4 +
16Lr5
n2
+
32Lr6
n
+ 32Lr6 −
48Lr8
n2
)
+
(
5
4n3
+
1
2n2
+
3
4n
+
1
6
)
π216
δ2 = −128Kr10n+ 128Kr18 − 192Kr2 + 32Kr20 + 64Kr21 + 128Kr22n− 32Kr32 + 64Kr35
−32Kr38 − 64Kr9 +
37L2n
72
− 3L
2
4n
+
7L2
36
+
104LLr0
3n2
− 8LLr0 −
48LLr1
n
− 48LLr1
−16LLr2n−
32LLr2
3n
− 32LL
r
2
3
+
104LLr3
3n2
− 64LL
r
3
3
+ 16LLr4n +
16LLr4
n
+ 16LLr4
+12LLr5 − 32LLr6n− 24LLr8 + 256(Lr4)2n + 128Lr4Lr5 − 512Lr4Lr6n− 256Lr4Lr8
+π16
(
− 31Ln
24
− L
4n
+
5L
18
+
152Lr0
9n2
− 32Lr1n−
32Lr1
n
− 32Lr1 −
8Lr2
9n
−8L
r
2
9
+
152Lr3
9n2
− 88L
r
3
9
+ 32Lr4n+
16Lr4
n
+ 16Lr4 + 12L
r
5 − 32Lr6n− 24Lr8
)
+π216
(
−nπ
2
27
− 373n
2592
− π
2
12n
+
25
16n
+
5π2
216
+
565
648
)
δ3 = 32K
r
10n + 4K
r
15 + 8K
r
16n− 32Kr18 + 96Kr2 − 8Kr29 + 16Kr32 + 16Kr9 −
13L2n
72
−49L
2
144
− 20LL
r
0
3n2
+
10LLr0
3
+ 32LLr1n+
8LLr1
n
+ 8LLr1 +
20LLr2n
3
39
+
8LLr2
3n
+
8LLr2
3
− 20LL
r
3
3n2
+
44LLr3
3
− 16LLr4n− 3LLr5
+π16
(
11Ln
24
− 115L
144
− 56L
r
0
9n2
+
4Lr0
9
+ 32Lr1n +
8Lr1
n
+ 8Lr1 +
8Lr2n
9
+
20Lr2
9n
+
20Lr2
9
− 56L
r
3
9n2
+
83Lr3
9
− 16Lr4n− 3Lr5
)
+π216
(
−25nπ
2
864
+
625n
2592
− 17π
2
864
− 1451
5184
)
δ4 = 4K
r
15 + 8K
r
16n + 8K
r
29 +
5L2n
48
− L
2
24
− 2LLr0 − 4LLr2n− LLr5
+π16
(
Ln
16
− 7L
48
+ Lr3 − Lr5
)
+ π216
(
nπ2
288
+
7n
64
− π
2
288
− 11
192
)
δ5 = −16Kr2 + 2Kr4 + 2Kr6 +
55L2n
384
+
L2
48
− 11LL
r
0
6
− 8LLr1n−
8LLr2n
3
− 17LL
r
3
6
+π16
(
101Ln
384
+
13L
384
− 29L
r
0
18
− 8Lr1n−
20Lr2n
9
− 97L
r
3
36
)
+π216
(
19nπ2
1152
− 115n
13824
− π
2
1152
+
349
13824
)
δ6 = 6K
r
4 − 2Kr6 +
5L2n
384
− L
2
48
− 3LL
r
0
2
− LL
r
3
2
+π16
(
Ln
128
− 13L
384
− 3L
r
0
2
− 5L
r
3
12
)
+π216
(
5nπ2
1152
− 437n
13824
+
π2
1152
− 349
13824
)
C Scattering lengths
C.1 Complex or QCD case
πaI0 = x2
(
− 1
16n
+
n
8
)
+x22
(
− 2
n
α4 − 1
n
α3 − 1
4n
α2 − 3
16n
α1 + β4 − 1
2
β3 − 1
8
β2 +
1
32
β1
+2nα4 +
n
8
α1 +
n2
2
β3 +
n2
8
β2 +
n2
32
β1
)
+π16 x
2
2
(
− 1
2
+
1
8n2
+
n2
2
)
+x32
(
− 4
n
γ5 − 2
n
γ4 − 1
n
γ3 − 1
4n
γ2 − 3
16n
γ1 − 2 δ5 + δ4 − 1
2
δ3 − 1
8
δ2
+
1
32
δ1 + 2n γ4 +
n
8
γ1 + 2n
2 δ5 +
n2
2
δ3 +
n2
8
δ2 +
n2
32
δ1
)
40
+π16 x
3
2
(
7
4n3
L+
12
n2
Lr8 −
4
n2
Lr5 +
12
n2
Lr3 +
12
n2
Lr0 −
5
n
L− 4
n
Lr6
+
12
n
Lr4 −
4
n
Lr2 −
4
n
Lr1 − 32Lr8 + 8Lr5 − 32Lr3 − 32Lr0 +
17n
4
L
+4nLr6 − 28nLr4 + 4nLr2 + 4nLr1 + 16n2 Lr8 + 16n2Lr3
+16n2 Lr0 −
5n3
2
L+ 8n3Lr6 + 8n
3 Lr4 + 8n
3 Lr2 + 8n
3Lr1
)
+π216 x
3
2
[
− 3
n3
+
7
n
− 49n
24
+
n3
12
+ π2
(
1
2n3
− 7
6n
+
53n
144
− 5n
3
72
)]
, (97)
πaS0 = + x2
(
− 1
8n
+
n
16
)
+x22
(
− 4
n
α4 − 2
n
α3 − 1
2n
α2 − 3
8n
α1 + β4 +
1
16
β1 + nα4 +
n
16
α1
)
+π16 x
2
2
(
− 1
2
+
1
2n2
+
n2
8
)
+x32
(
−8
n
γ5 − 4
n
γ4 − 2
n
γ3 − 1
2n
γ2 − 3
8n
γ1 + δ4 +
1
16
δ1 + n γ4 +
n
16
γ1
)
+π16 x
3
2
(
7
n3
L+
48
n2
Lr8 −
16
n2
Lr5 +
48
n2
Lr3 +
48
n2
Lr0 −
11
2n
L− 16
n
Lr6
+
16
n
Lr4 −
16
n
Lr2 −
16
n
Lr1 − 32Lr8 + 8Lr5 − 32Lr3 − 32Lr0 +
3n
2
L
+8nLr6 − 8nLr4 + 8nLr2 + 8nLr1 + 4n2Lr8 + 4n2 Lr3 + 4n2Lr0
−n
3
4
L
)
+π216 x
3
2
[
− 10
n3
+
9
2n
+
5n
6
− 7n
3
24
+ π2
(
5
3n3
− 3
4n
− n
9
+
5n3
144
)]
, (98)
πaA1 = +x2
(
n
48
)
+x22
(
1
3
β4 +
1
24
β2 − n
3
α4 − n
24
α2
)
+π16 x
2
2
(
− 1
72
+
1
72n2
− n
2
432
)
+x32
(
2
3
δ6 +
1
3
δ4 +
1
24
δ2 − 2n
3
γ6 − n
3
γ4 − n
24
γ2
)
+π16 x
3
2
(
7
36n3
L+
4
3n2
Lr8 −
4
9n2
Lr5 +
20
27n2
Lr3 +
20
27n2
Lr0 −
1
9n
L
− 4
9n
Lr6 +
4
9n
Lr4 −
4
27n
Lr2 −
4
9n
Lr1 −
8
9
Lr8 +
2
9
Lr5 −
4
9
Lr3 −
16
27
Lr0
+
49n
648
L− 4n
9
Lr6 −
4n
27
Lr4 −
8n
27
Lr2 −
4n
27
Lr1 −
n2
27
Lr5 +
n3
432
L
)
41
+π216 x
3
2
[
1
12n3
+
1
8n
− 7n
54
− 25n
3
5184
+ π2
(
1
54n3
− 5
216n
+
25n
1296
− n
3
1296
)]
,(99)
πaSA1 = +x
2
2
(
1
3
β4 +
1
24
β2
)
+ π16 x
2
2
(
− 1
144
+
1
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C.2 Real or adjoint case
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C.3 Pseudo-real or two-colour case
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D Loop integrals
D.1 One-loop integrals
We use dimensional regularization here throughout in d dimensions with d = 4− 2ǫ.
We need integrals with one, two and three propagators in principle. These one
propagator integral is
A(m2) =
1
i
∫ ddq
(2π)d
1
q2 −m2 . (116)
The two propagator integrals we encountered are
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2
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2
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2) . (117)
All the cases with three propagator integrals that show up can be absorbed into
the two-propagator ones by moving to the real masses rather than the lowest order
masses. This provides a consistency check on the calculations.
The explicit expressions are well known
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)
, (118)
C = ln(4π) + 1 − γ and λ0 = 1/ǫ + C. The function J¯(m21, m22, p2) develops an
imaginary part for p2 ≥ (m1 + m2)2. Using ∆ = m21 − m22, Σ = m21 + m22 and
ν2 = p4 +m41 +m
4
2 − 2p2m21 − 2p2m22 − 2m21m22 it is given by
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The two-propagator integrals can all be reduced to B and A via
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A(m21)−A(m22) + (m22 −m21 − p2)B(m21, m22, p2)
)
,
B22(m
2
1, m
2
2, p
2) =
1
2(d− 1)
(
A(m22) + 2m
2
1B(m
2
1, m
2
2, p
2)
+(m22 −m21 − p2)B1(m21, m22, p2)
)
,
B21(m
2
1, m
2
2, p
2) =
1
p2
(
A(m22) +m
2
1B(m
2
1, m
2
2, p
2)− dB22(m21, m22, p2)
)
. (120)
The basic method used here is the one from Passarino and Veltman [33].
D.2 Sunset integrals
Sunset integrals have been treated in many places already, in general and for various
special cases. We use here a method that is a hybrid of various other approaches.
We only cite the literature actually used. We define
〈〈X〉〉 = 1
i2
∫
ddq
(2π)d
ddr
(2π)d
X
(q2 −m21) (r2 −m22) ((q + r − p)2 −m23)
, (121)
H(m21, m
2
2, m
2
3; p
2) = 〈〈1〉〉 ,
Hµ(m
2
1, m
2
2, m
2
3; p
2) = 〈〈qµ〉〉 = pµH1(m21, m22, m23; p2) ,
Hµν(m
2
1, m
2
2, m
2
3; p
2) = 〈〈qµqν〉〉
= pµpνH21(m
2
1, m
2
2, m
2
3; p
2) + gµνH22(m
2
1, m
2
2, m
2
3; p
2) .
(122)
By redefining momenta the others can be simply related to the above three:
〈〈rµ〉〉 = pµH1(m22, m21, m23; p2) ,
〈〈rµrν〉〉 = pµpνH21(m22, m21, m23; p2) + gµνH22(m22, m21, m23; p2) ,
〈〈qµrν〉〉 = 〈〈rµqν〉〉 ,
〈〈qµrν〉〉 = pµpνH23(m21, m22, m23; p2) + gµνH24(m21, m22, m23; p2) , (123)
with
2H23(m
2
1, m
2
2, m
2
3; p
2) = −H21(m21, m22, m23; p2)−H21(m22, m21, m23; p2)
+H21(m
2
3, m
2
1, m
2
2; p
2) + 2H1(m
2
1, m
2
2, m
2
3; p
2)
+2H1(m
2
2, m
2
1, m
2
3; p
2)−H(m21, m22, m23; p2) ,
2H24(m
2
1, m
2
2, m
2
3; p
2) = −H22(m21, m22, m23; p2)−H22(m22, m21, m23; p2)
+H22(m
2
3, m
2
1, m
2
2; p
2) . (124)
The first two follow from interchanging q and r and the third from the fact that it
is proportional to gµν or pµpν , which are both symmetric in µ and ν. The last one is
deribed using
(qµrν + rµqν) = (qµ + rµ − pµ) (qν + rν − pν)− qµqν − rµrν − pµpν
+2pµ (qν + rν) + 2pν (qµ + rµ) (125)
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and redefining momenta and masses on the r.h.s.. In addition we have the relation
p2H21(m
2
1, m
2
2, m
2
3; p
2) + dH22(m
2
1, m
2
2, m
2
3; p
2) =
m21H(m
2
1, m
2
2, m
2
3; p
2) + A(m22)A(m
2
3) . (126)
which allows to express H22 in a simple way in terms of H21. There is also a relation
between H1 and H
H1(m
2
1, m
2
2, m
2
3; p
2) +H1(m
2
2, m
2
1, m
2
3; p
2) +H1(m
2
3, m
2
1, m
2
2; p
2) =
H(m21, m
2
2, m
2
3; p
2) , (127)
which allows to write H1(m
2, m2, m2; p2) = 1/3 H(m2, m2, m2; p2) in the case of equal
masses. The function H is fully symmetric in m21, m
2
2 and m
2
3, while H1, H21 and H22
are symmetric under the interchange of m22 and m
2
3.
We only need the sunset integrals at p2 = m21 = m
2
2 = m
2
3 and their derivatives
w.r.t. p2. These have been calculated using the methods of [29]. With Hid =
∂
∂p2
Hi
we obtain
H = λ1m
2
(
5π216
4
− 3Lπ16
)
+
3
2
λ2m
2π216
+m2
(
3L2 − 5
2
Lπ16 +
1
4
π2π216 +
15π216
8
)
(128)
H21 = λ1m
2
(
11π216
72
− 2
3
Lπ16
)
+
1
3
λ2m
2π216
+m2
(
−11
36
Lπ16 +
1
18
π2π216 +
493π216
864
)
(129)
H22 = λ1m
4
(
157π216
288
− 13
12
Lπ16
)
+
13
24
λ2m
4π216
+m4
(
−157
144
Lπ16 +
13L24
12
+
13
144
π2π216 +
2933π216
3456
)
(130)
Hd =
Lπ16
2
− λ1π
2
16
4
+
7π216
8
(131)
H21d =
Lπ16
12
− λ1π
2
16
24
+
43π216
288
(132)
H22d =
5
48
Lm2π16 − 5
96
λ1m
2π216 +
179π216
1152
m2 (133)
H1 and H1d follow immmediately using (127).
D.3 Vertex integrals
The vertex diagram (16) in Fig. 2 is the most difficult two-loop diagram in φφ
scattering, and it can also appear in other process. The two loop integral for the
equal mass case can be written as
〈〈X〉〉 = µ
4ǫ
i2
∫ ∫
drds
X
(r2 −m2) · [(r − q)2 −m2] · (s2 −m2) · [(s+ r − p)2 −m2]
(134)
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The Lorentz decompositions of the vertex integrals are [34]
〈〈1〉〉 = V ,
〈〈rµ〉〉 = pµV11 + qµV12 ,
〈〈sµ〉〉 = pµV13 + qµV14 ,
〈〈rµrν〉〉 = gµνV21 + pµpνV22 + qµqνV23 + (pµqν + qµpν)V24 ,
〈〈rµsν〉〉 = gµνV25 + pµpνV26 + qµqνV27 + qµpνV28 + pµqνV29 ,
〈〈sµsν〉〉 = gµνV210 + pµpνV211 + qµqνV212 + (qµpν + pµqν)V213 ,
〈〈rµrνrα〉〉 = (gµνpα + gµαpν + gναpµ)V31 + (gµνqα + gµαqν + gναqµ)V32
+pµpνpαV33 + qµqνqαV34
+(pµpνqα + pµqνpα + qµpνpα)V35 + (qµqνpα + qµpνqα + pµqνqα)V36 ,
〈〈rµrνsα〉〉 = gµνpαV37 + gµνqαV38 + (gµαpν + gναpµ)V39 + (gµαqν + gναqµ)V310
+pµpνpαV311 + qµqνqαV312 + pµpνqαV313 + qµqνpαV314
+(pµqν + qµpν)pαV315 + (pµqν + qµpν)qαV316 ,
〈〈rµsνsα〉〉 = pµgναV317 + qµgναV318 + (gµνpα + gµαpν)V319 + (gµνqα + gµαqν)V320
+pµpνpαV321 + qµqνqαV322 + pµqνqαV323 + qµpνpαV324
+pµ(pνqα + qνpα)V325 + qµ(pνqα + qνpα)V326 .
(135)
The 〈〈sµsνsα〉〉 does not show up in φφ scattering. Most of those Vi functions have
been calculated analytically in [20] except the 〈〈sµsν〉〉 and 〈〈rµsνsα〉〉. We have
calculated the rest of them in this work, which are V210−V213 and V317−V326. Again,
the methods of [29] were used here, somewhat extended to the cases at hand. We
have compared our results with the numerical evaluation for general masses described
in [34]. The quantity Bǫ is the next term in the expansion of B in (118) but these
terms always cancel in the final result.
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8
+
s
144
)
+Bǫπ16
(
7m2
36
+
s
72
)
56
+J¯
(
−7Lm
2
36
− Ls
72
+
199m2π16
864
+
23π16s
864
)
+k1
(
7m2
144
+
s
192
)
+
s
576
k2 +
5m2
24
k4 + k5
(
s
8
− 5m
2
8
)
+ k6
(
s
8
− m
2
2
)
+
11L2m2
72
+
L2s
144
+
11Lm2π16
144
+
Lπ16s
864
+ π216
(
m2π2
216
− 125m
2
1152
+
π2s
1728
+
85s
20736
)
V319 = λ1
{
1
6
π16
[
−sB¯21 + B¯
(
1
2
s−m2
)
+ Lm2
]
+ π216
(
25s
864
− 35
144
m2
)}
+λ2π
2
16
(
s
72
− m
2
6
)
+Bǫπ16
(
s
36
− m
2
9
)
+J¯
(
Lm2
9
− Ls
36
− 2m
2π16
27
+
29π16s
432
)
+
1
18
m2k1 +
1
72
sk2 − 1
3
m2k4 −m2k5
−5L
2m2
18
+
L2s
72
+
19Lm2π16
72
− 5Lπ16s
432
+ π216
(
π2s
216
+
169s
10368
− m
2π2
54
− 397m
2
1728
)
V320 = λ1
[
1
6
π16
(
−sB¯21 + sB¯31 + 1
2
m2B¯ − 1
2
Lm2
)
+ π216
(
35m2
288
− 25s
1728
)]
+λ2π
2
16
(
m2
12
− s
144
)
+Bǫπ16
(
m2
18
− s
72
)
+J¯
(
Ls
72
− Lm
2
18
+
m2π16
27
− 29π16s
864
)
− m
2
36
k1 − s
144
k2 +
m2
6
k4 +
m2
2
k5
+
5L2m2
36
− L
2s
144
− 19Lm
2π16
144
+
5Lπ16s
864
+ π216
(
m2π2
108
+
397m2
3456
− π
2s
432
− 169s
20736
)
V321 = λ1
π216
24
+
1
12
π16J¯ − 6k5 − 4k6 − Lπ16
12
− 43π
2
16
288
V322 = λ1
(
1
3
π16B¯31 +
π216
288
)
+ λ2
π216
24
+Bǫπ16
(
1
12
− m
2
6s
)
+J¯
(
Lm2
6s
− L
12
+
m2π16
36s
+
7π16
48
)
+
k1
48
+
k2
48
+
k5
2
+
k6
2
− 3k7
2
+
k8
4
+
L2m2
12s
+
L2
24
+
Lm2π16
6s
+
Lπ16
48
+ π216
(
m2π2
72s
+
m2
12s
+
49
3456
)
V323 = λ1
π216
72
+
1
36
π16J¯ − 3k5
2
− k6 + k7 − Lπ16
36
− 43π
2
16
864
V324 = λ1
(
1
6
π16B¯ +
π216
144
)
+ λ2
π216
12
+
1
6
π16B
ǫ
+J¯
(
13π16
72
− L
6
)
+
k1
12
+ 2k5 + 2k6 +
L2
12
+
11Lπ16
72
+
161π216
1728
V325 = −λ1π
2
16
48
− 1
24
π16J¯ + 3k5 + 2k6 +
Lπ16
24
+
43π216
576
V326 = −λ1
(
1
3
π16B¯21 +
π216
216
)
− λ2π
2
16
18
+Bǫπ16
(
m2
9s
− 1
9
)
57
+J¯
(
L
9
− Lm
2
9s
− m
2π16
54s
− 17π16
108
)
− k1
24
− k2
72
− k5 − k6 + k7 − k8
6
−L
2m2
18s
− L
2
18
− Lm
2π16
9s
− π216
(
m2π2
108s
+
m2
18s
+
35
864
)
Where the J¯ and ki function are defined as
σ =
√
1− 4
s
,
h =
1
σ
ln
σ − 1
σ + 1
J¯ = π16(σ
2h + 2)
k1 = π
2
16σ
2h2
k2 = π
2
16(σ
4h2 − 4)
k3 =
1
(16π2)2
[
σ2
s
h3 + π2
1
s
h− π
2
2
]
k4 =
1
sσ2
[
1
2
k1 +
1
3
k3 + π16J¯ +
π216
12
(π2 − 6)s
]
.
k5 =
1
sσ2
[
k4 − 1
12
k1 − π16
12
J¯ + π216
(
5
6
− π
2
9
)]
+
π216
12
(
5
2
− 1
3
pi2
)
k6 =
1
sσ2
[
5k5 +
1
12
k1 +
π16
18
J¯ +
π216
6
(
π2 − 49
6
)]
+
1
24
π216
(
π2 − 49
6
)
k7 =
1
s
(
k5 +
1
2
k4 +
1
24
k1 +
5
24
π16J¯
)
+
1
72
π216
k8 =
1
s
(
k4 +
7
12
k1 +
25
36
π16J¯
)
+ π216
(
47
216
+
1
36
π2
)
k9 =
1
s
(
k3 − 5
2
k1
)
− π216
(
2 +
π2
12
)
The J¯ and ki vanish at s = 0 and are well behaved for s→∞. They have disconti-
nuities in the derivative at threshold but there no poles there. The functions ki are
constructed using the arguments and methods of [35].
All the ki above show up at intermediate stages of the calulations but in the
final result k5(s), . . . , k9(s) always appear multiplied by powers of s and can thus be
removed.
Finally, to get the scattering lengths we need to expand these functions around
t, u = 0 and s = 4. The expansion using s = 4(1 + q2) around s = 4 reads up to
order q4.
J¯(s) = π16
(
2− 2q2 + 4
3
q4
)
k1(s) = π
2
16
(
−π2 + 4q2 − 4
3
q4
)
k2(s) = π
2
16
(
−4− π2q2 + (4 + π2)q4
)
k3(s) = π
2
16
(
1
2
π2 −
(
2 +
2
3
π2
)
q2 +
(
2 +
8
15
π2
)
q4
)
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k4(s) = π
2
16
(
−2
3
+
1
36
π2 +
(
1
3
+
2
45
π2
)
q2 −
(
1
3
+
4
105
π2
)
q4
)
. (136)
The expansion around t = 0 up to order t2 are
J¯(t) = π16
(
1
6
t +
1
60
t2
)
,
k1(t) = π
2
16
(
−t− 1
12
t2
)
k2(t) = π
2
16
(
−2
3
t− 7
180
t2
)
k3(t) = π
2
16
((
−1
2
+
1
12
π2
)
t+
(
−1
8
+
1
60
π2
)
t2
)
k4(t) = π
2
16
((
1
4
− 1
36
π2
)
t +
(
19
240
− 1
120
π2
)
t2
)
. (137)
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